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Agenda

Introduction to a higher-order pi-calculus

A theory of equivalence

Example proofs
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Higher-Order Concurrency

! -calculus: 
Concurrent processes that send, receive, restrict  the 
scope of, and observe names
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P ::= !
          P | P
          c!v. P
         c?x. P
           ! n. P
           if v=v then P else P

v ::= x
          n
          



Higher-Order Concurrency

pp-! : 
Concurrent processes that send, receive, restrict the 
scope of, and observe names

send, receive, and run suspended processes
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P ::= !
          P | P
          c!V. P
         c?X. P
           ! n. P
           if V=V then P else P
           run V

V ::= X
          n
          ! P



Process 1
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p?X. run X



"p ? "P

Process 1

6

p?X. run X run "P P

p ! "P
Obs ObsÕ

...

...



Process 2
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p?X. ! (q!X. !"



"

q ! Vp ? V

Process 2

8

p?X. ! (q!X. !" ! (q!V. !"

p ! V
Obs1 Obs2

q ? V
Obs3

! (q!V. !" ...

Obs4

q ! V

...
q ? V



Process 3
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p?X. q!"P. #



p ? V

Process 3
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p?X. q!"P. # (q!"P. #"$ " %&' Q$" %&'

p ! V
Obs1

q ! #P{V/X}

Obs2 Obs3
q ? #P{V/X}

...

...



Reasoning

When do two processes have the same behavior?
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Reasoning

When do two processes have the same behavior?

We pick reduction-closed barbed congruence  as 
the semantic equivalence
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Reasoning

When do two processes have the same behavior?

We pick reduction-closed barbed congruence  as 
the semantic equivalence

Actual proofs of equivalence require the 
development of a theory

The theory encodes exactly the distinguishing power 
of the semantic equivalence
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Example 1: Ping

14

p?X. q!X. !

p?X. !t.
  q!(" t!. ! ).
(() (t?. run X)



Example 1: Ping

15

p?X. q!X. !

p?X. !t.
  q!(" t!. ! ).
(() (t?. run X)

q!V. !

! t.
  q!(" t!. ! ).
(() (t?. run V)

!
p ? V

) (t?. run V)
p ? V q ! (" t!. ! )

q ! V

! t.



Example 1: Ping

16

p?X. q!X. !

p?X. !t.
  q!(" t!. ! ).
(() (t?. run X)

q!V. !

! t.
  q!(" t!. ! ).
(() (t?. run V)

!
p ? V

) (t?. run V)
p ? V q ! (" t!. ! )

q ! V

! t.

The 
scope of t is 

unclear



Example 1: Ping

17

p?X. q!X. !

p?X. !t.
  q!(" t!. ! ).
(() (t?. run X)

q!V. !

! t.
  q!(" t!. ! ).
(() (t?. run V)

!
p ? V

) (t?. run V)
p ? V q ! (" t!. ! )

q ! V

! t.

Di#erent but 
equivalent values 

might be sent



Example 1: Ping
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p?X. q!X. !

p?X. !t.
  q!(" t!. ! ).
(() (t?. run X)

q!V. !

! t.
  q!(" t!. ! ).
(() (t?. run V)

!
p ? V

) (t?. run V)
p ? V q ! (" t!. ! )

q ! V

! t.

InÞnite 
Possibilities 

for V



Example 2

19

c?(X, Y).
  c!(" run X | run Y). !

c?(X, Y). !t.
  c!(" t!. run X). !
   |  ) (t?. run Y)



Example 2
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c?(X, Y).
  c!(" run X | run Y). !

c?(X, Y). !t.
  c!(" t!. run X). !
   |  ) (t?. run Y)

c!(" run U | run V). !
c? (U,V) c! # runU | runV

!

! t.
c!(" t!. run U). !
|  ) (t?. run V)

c? (U,V) c! # t!. runU ) (t?. run V)

! t.



Example 3

21

c?(X, Y).
  c!(" run X + run Y). !

c?(X, Y). !t.
  c!(" t!. run X). !
   |  ) (t?. run Y)

c!(" run U + run V). !
c? (U,V) c! # runU + runV

!

! t.
c!(" t!. run U). !
|  ) (t?. run V)

c? (U,V) c! # t!. runU ) (t?. run V)

! t.

Internal 
choice



Agenda

Introduction to a higher-order pi-calculus

A theory of equivalence

Example proofs
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Agenda

Introduction to a higher-order pi-calculus

A theory of equivalence

DeÞnition of a Labelled Transition System

Theory of weak bisimilarity

Example proofs
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Features

Finitely branching  LTS with symbolic inputs , 
knowledge environments , and new way of 
handling extrusion

Weak bisimilarity is sound and complete w.r.t. the 
semantic equivalence

Weak bisimilarity is characterised by a 
propositional HML

Easy proofs of equivalence and inequivalence

Scales to other HO concurrent languages and 
semantic equivalences
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! = { n, ! !" V ," }

LTS: ConÞgurations

25

Keep track of the knowledge of the observer :
Names known to the observer
Suspended processes sent by the process
Abstractions of processes sent by the observer



! = { n, ! !" V ," }

! a ! ! , P"

LTS: ConÞgurations

26

Keep track of the knowledge of the observer :
Names known to the observer
Suspended processes sent by the process
Abstractions of processes sent by the observer

Keep track of the knowledge of the process:
Names private to the process and to suspended 
processes in $
The process itself



Keep track of the knowledge of the observer :
Names known to the observer
Suspended processes sent by the process
Abstractions of processes sent by the observer

Keep track of the knowledge of the process:
Names private to the process and to suspended 
processes in $
The process itself

! = { n, ! !" V ," }

! a ! ! , P"

LTS: ConÞgurations

27

names  
are disjoint



LTS: Communication

Higher-order inputs are symbolic :

28

c ! names(! )

! a ! ! , c?X .P " c?!"# ! a ! ! ${ " } , P{ " /X } "



LTS: Communication

Higher-order inputs are symbolic :

29

c ! names(! )

! a ! ! , c?X .P " c?!"# ! a ! ! ${ " } , P{ " /X } "

Finite branching 
(modulo fresh name 

generation)



LTS: Communication

Higher-order outputs are indexed in " :

30

c ! names(! ) ! "! dom(! )

" a ! ! , c!V.P " c!!#$ " a ! ! %{ ! &$V } , P "



LTS: Communication

Higher-order outputs are indexed in " :

31

c ! names(! ) ! "! dom(! )

" a ! ! , c!V.P " c!!#$ " a ! ! %{ ! &$V } , P "

private 
names bind in 

V, P



First-order inputs/outputs keep track of names:

LTS: Communication

32

c ! names(! )

! a ! ! , c?x.P " c?n"# ! a ! ! ${ n} , P{ n/x } "

c ! names(! ) { b} = { a}\{ n}

! a ! ! , c!n.P " c!n"# ! b! ! ${ n} , P"



LTS: Communication

33

! ! ! { a} , P1" c!n"# ! ! ! , P2"

! ! ! { a} , Q1" c?n"# ! ! !! , Q2"

! a ! ! , P1 | Q1" !"# ! a ! ! , P2 | Q2"

! ! ! { a} , P1" c!""# ! ! ! ! { " $#V} , P2"

! ! ! { a} , Q1" c?#"# ! ! !! , Q2"

! a ! ! , P1 | Q1" !"# ! a ! ! , P2 | Q2{ V/#} "



Running processes produced by the observer
(abstract constants)

LTS: Running HO Values
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! a ! ! , run " " run !!" ! a ! ! , 0"



Running processes sent from the process  to the 
observer (concrete constants)

LTS: Running HO Values

35

! (! ) = V

" a ! ! , P" run !!" " a ! ! , P | run V"



Restrictions are lifted to the level of the 
conÞguration:

LTS: Extrusion

36

! a ! ! , ! b. P" τ!" ! a, b! ! , P"



Restrictions are lifted to the level of the 
conÞguration:

LTS: Extrusion

37

! a ! ! , ! b. P" τ!" ! a, b! ! , P"

b !" { a}



Restrictions are lifted to the level of the 
conÞguration:

LTS: Extrusion

38

! a ! ! , ! b. P" τ!" ! a, b! ! , P"

b binds in 
$, P



Restrictions are lifted to the level of the 
conÞguration:

The labels on the actions of the LTS are constants

LTS: Extrusion

39

! a ! ! , ! b. P" τ!" ! a, b! ! , P"

! a ! ! ! { c} , ! n. c!n.0" !"# ! a, n ! ! ! { c} , c!n.0" c!n"# ! a ! ! ! { c, n} , 0"



"p ? "P

Process 1

40

p?X. run X run "P P ...



Process 1

41

! { p} , p?X . appX "
p?!

! { p, ! } , 0"
run !

! {p, ! }, run ! "



q ! Vp ? V

Process 2

42

p?X. ! (q!X. !" ! (q!V. !" ! (q!V. !" ...
q ! V



Process 2

43

p?!
! { p, q} , p?X . ! (q!X. 0)" ! { p, ! } , ! (q!! .0)" ! { p, ! , " 1!" ! } , #(q!! .0)"

q!! 1
...

run ! 1

! { p, ! , " 1 �→! } , ∗(q!! .0) | run ! " ...

run !



Process 2

44

! { p} , p?X.! (q!X.0)"
p?!

C(i, j ) = ! { p, ! , " 1!" ! , . . . , " i !" ! } , #(q!! .0) |
!

j

run ! "

C(i, j ) c!! i!" C(i + 1 , j )

C(i, j )

C(i, j )
run ! l!" C(i, j + 1)

C(i, j + 1) run α!" C(i, j )

q!! 1, run ! l , run "



Reasoning: Weak Bisimilarity

Def:  R is a weak bisimulation i#
C1 R C1Ô   and   C1 !  C2  

!  C2Ô  s.t.   C1Ô "  C2Ô   and   C2 R C2Ô

and vice-versa.

     is the largest weak bisimulation.

Def:

45

%

%

!

P ! P ! "# �{ n} , P� ! �{ n} , P !�



Equivalences

Prop: [Compositional Reasoning]

Prop: [Hiding Names]
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P ! P ! =" C [P] ! C [P !]

νa ! ! ! { n} , P" " νa! ! ! ! ! { n} , P !"
=# νa, n ! ! , P" " νa!, n ! ! ! , P !"



Soundness and Completeness

Thm: [Soundness & Completeness 1]
Weak bisimilarity coincides with parallel reduction-
closed barbed congruence 

47

(! ) = ( "= pcxt )



Soundness and Completeness

Thm: [Soundness & Completeness 1]
Weak bisimilarity coincides with parallel reduction-
closed barbed congruence 

Thm: [Soundness & Completeness 2]
Weak bisimilarity coincides with full reduction-closed 
barbed congruence 

48

(! ) = ( "= cxt )

(! ) = ( "= pcxt )



Soundness and Completeness

Thm: [Soundness & Completeness 1]
Weak bisimilarity coincides with parallel reduction-
closed barbed congruence 

Thm: [Soundness & Completeness 2]
Weak bisimilarity coincides with full reduction-closed 
barbed congruence 

Cor: Parallel contexts are enough.
49

(! ) = ( "= cxt )

(! ) = ( "= pcxt )



First-Order Processes

50

Thm

Thm

Thm

pp-# Our LTS fo-# Std. LTS

≈! cxt

! pcxt

! fo ≈fo
known



Propositional HML, similar to that of CCS:

Hennessy-Milner Logic

51

C |= ÂF iff C !|= F
C |=

!
i ! I Fi iff " i # I. C |= Fi

C |= $! %F iff &C". C
!

=' C" and C" |= F

F ::= ÂF |
!

i ! I Fi | ! ! " F

! ::= c?n | c!n | run " | run #



Propositional HML, similar to that of CCS:

Hennessy-Milner Logic

52

C |= ÂF iff C !|= F
C |=

!
i ! I Fi iff " i # I. C |= Fi

C |= $! %F iff &C". C
!

=' C" and C" |= F

F ::= ÂF |
!

i ! I Fi | ! ! " F

! ::= c?n | c!n | run " | run #

Although LTS 
di#erent than 

that of CCS



Thm: Weak bisimilarity is characterised by the HML

Hennessy-Milner Logic

53

P ! Q i ! (" F. P |= F i ! Q |= F )



Thm: Weak bisimilarity is characterised by the HML

Hennessy-Milner Logic

54

P ! Q i ! (" F. P |= F i ! Q |= F )

First-order 
veriÞcation is 

applicable



Thm: Weak bisimilarity is characterised by the HML

Hennessy-Milner Logic

55

P ! Q i ! (" F. P |= F i ! Q |= F )

Easy proofs of 
inequivalence



Agenda

Introduction to a higher-order pi-calculus

A theory of equivalence

Example proofs
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Example 1: Ping
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! { p} , p?X .q!X. 0"



Example 1: Ping
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p?!

q!!

! { p} , p?X .q!X. 0"

! { p, ! } , q!! .0"

C3(i ) =

C2 =

C2
q!!−→ C3(0)

C3(i ) run !−→ C3(i + 1)

C3(i + 1) run "−→ C3(i )

run ! , run "

! { p, ! , " �→! } ,
!

i

run ! "



Example 1: Ping

59

C1 C2
p?! q!!

C3(i)

C2
q!!−→ C3(0)

C3(i ) run !−→ C3(i + 1)

C3(i + 1) run "−→ C3(i )

run ! , run "



Example 1: Ping

60

C1

p?X. !t.
  q!(" t!. ! ).
(() (t?. run X)

C2
p?! q!!

C3(i)

C2Õ
!p?! q!!

C3Õ(i)

C2
q!!−→ C3(0)

C3(i ) run !−→ C3(i + 1)

C3(i + 1) run "−→ C3(i )

C !
2

run !!" C !
3(0)

C !
3(i) run !!" C !

3(i + 1)

C !
3(i + 1) run "!" C !

3(i)

C !
3(i) #!" C !

3(i)

run ! , run "

run ! , run "



Example 2
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c?(X, Y).
  c!(" run X | run Y). !

c?(X, Y). !t.
  c!(" t!. run X). !
   |  ) (t?. run Y)

C1 C2 C3(i,j)

C1Õ C2Õ C3Õ(i,j)



Example 3
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c?(X, Y).
  c!(" run X + run Y). !

c?(X, Y). !t.
  c!(" t!. run X). !
   |  ) (t?. run Y)



Example 3
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c?(X, Y).
  c!(" run X + run Y). !

c?(X, Y). !t.
  c!(" t!. run X). !
   |  ) (t?. run Y)

F def= !c?! 1, ! 2" ! c!" " ! run " " ( ! run ! 1" tt # [run ! 2] ff )



Related Work

Translation of HO& to fo-& using triggers
[SangiorgiÕ93]

LTS semantics where triggers are special processes 
[Je#rey&RathkeÕ05]

Environmental Bisimulations 
[Sangiorgi,Kobayashi,SumiiÕ07]
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Conclusion
pp-&: a higher-order concurrent language

Finitely branching  LTS with symbolic inputs, knowledge 
environments and a new handling of extrusion

Weak bisimilarity is sound and complete w.r.t. the 
semantic equivalence

Weak bisimilarity is characterised by a propositional 
Hennessy-Milner Logic

Enables the use of existing Þrst-order veriÞcation tools

Easy proofs of equivalence and inequivalence

The theory scales to other HO concurrent languages and 
semantic equivalences
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thanks!


