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Motivation

I Compositionality of Reasoning through Locality

I Uni-direction of proofs.



A Hoare-Style Logic for Message Passing

{
ϕ

}
P

{
ψ

}

1. What state should ϕ and ψ describe? What would be an
adequate state transformer?

2. How do we define locality? How do we handle interference ?

3. How do we handle bi-directionality of computation.
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A State-Oriented View of Processes

c!1 ‖ d!2 ‖ c?x.d?y.c!(x +y)

⇓

reduces to the new state

⇓

c!3
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Interference and Non-determinism

Interference Examples

P1 ‖ P2 ‖ P3

 races!

Non-trivial Determinism

‖ ‖ ..(a!〈〉‖) ‖ a?..
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 not covered!
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The Language

Values and Expressions

v , u : := 0 | 1 | 2 . . .

e : := v | x | e + e | e − e | . . . (side-effect free)

b : := e ≤ e | ¬b | b∧b (side-effect free)

Processes

P,Q : := a!e | a?x.P (communication)
| if b then P else Q (branching)

| K(e)[~c/~d] (proc. definition and renaming)
| nil | P ‖Q | (new a)P (structure)
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Confined Processes

What do we gain?

I Explicit Permission Ownership: dPeρ

I Explicit Ownership Transfer: C, S, L
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ρ ∩ µ , ∅

dPeρ ‖ dQeµ−→race
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How does it work?
Recall:
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Confinement and linear Permissions

How does it work?
Recall:

dc!v1e{↑c,...} ‖ dc!v2e{↑c,...} ‖ dc?x.Pe{↓c,...} −→race

because dc!v1e{↑c,...} ‖ dc!v2e{↑c,...}−→race



Confinement Properties

Race Preservation

S −→∗ T and S−→race implies T −→race

Correspondence

S 6−→race implies

S −→ T implies |S | −→∗ |T |

|S | −→ |T | implies S −→∗ T

Evaluation Confluence (Determinism)

S −→∗ T1 6−→ and T1 6−→race
and S −→∗ T2 6−→ and T2 6−→race

}
implies |T1| ≡ |T2|
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Recap: A Hoare-Style Logic for Message Passing

{
ϕ

}
S

{
ψ

}

1. What state should ϕ and ψ describe? What would be an
adequate state transformer? confined processes!

2. How do we define locality? How do we handle interference ?
confined processes!

3. How do we handle bi-directionality of computation.



Hoare Rules For Message Passing

Γ `

{
ϕ

}
S

{
ψ

}

Two factors at work!

1. Verify uni-directionally that from ϕ, S will lead us to ψ.

2. Assuming a race-free T satisfying ϕ, construct a state
transformer S that is race-free.



Hoare Rules For Message Passing

Γ `

{
ϕ

}
S

{
ψ

}

Recall...

‖ ‖ a!〈〉‖ ‖ c!〈v1 + v2〉 ‖ a?.c?z.d!〈z + 1〉

{↑a, ↓c, ↑d} {↑c, ↓d} {↓a}



Hoare Rules For Message Passing

Γ `

{
ϕ

}
S

{
ψ

}

Decomposition

da!〈〉e{↑a,↓c,↑d} ‖ dc!〈v1 + v2〉e{↑c,↓d} ‖ da?.c?z.d!〈z + 1〉e{↓a}
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da!〈〉e{↑a,↓c,↑d} ‖ dc!〈v1 + v2〉e{↑c,↓d} ‖ da?.c?z.d!z + 1e{↓a}︸                    ︷︷                    ︸
analyse in isolation
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Γ `

{ ϕ︷              ︸︸              ︷
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}
da?.c?z.d!z + 1e{↓a}

{ ψ︷             ︸︸             ︷
d〈v1 + v2 + 1〉

}

Γ = a : {↑a, ↓c, ↑d}, c : {↑c}, d : {↑d}



Hoare Rules For Message Passing

Γ `

{
ϕ

}
S

{
ψ

}

Decomposition

Γ `

{ ϕ︷              ︸︸              ︷
a〈〉 ∗ c〈v1 + v2〉

}
da?.c?z.d!z + 1e{↓a}︸                    ︷︷                    ︸

replies on a!〈〉 providing ↓c,↑d

{ ψ︷             ︸︸             ︷
d〈v1 + v2 + 1〉

}

Γ = a : {↑a, ↓c, ↑d}, c : {↑c}, d : {↑d}



Hoare Rules For Message Passing

Γ `
{
ϕ

}
S

{
ψ
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Decomposition

Γ `
{ ϕ︷              ︸︸              ︷

a〈〉 ∗ c〈v1 + v2〉
}
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The Logic

S is closed, stable and race-free. Formulas are closed

Γ,S |= emp if S ≡ dnile∅ ;

Γ, S |= c〈e〉 if

S ≡ dc!e′eρ
with e ⇓ v , e′ ⇓ v and Γ(c) ⊆ ρ;

Γ, S |= ϕ1 ∗ ϕ2 if


exists S1,S2 where S ≡ S1 ‖ S2

with Γ,S1 |= ϕ1 and Γ,S2 |= ϕ2;



Recap: A Hoare-Style Logic for Message Passing

Γ `
{
ϕ

}
S

{
ψ

}
I What state should ϕ and ψ describe? What would be an

adequate state transformer?
I How do we define locality? How do we handle interference ?
I How do we handle bi-directionality of computation.
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} ⌈
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⌉
ρ ‖ db?y.c!yeµ

{
d〈v〉

}
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Γ `
{
ϕ

}
S

{
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}
I . . .
I How do we handle bi-directionality of computation.

Γ `
{
a〈v〉

} ⌈
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⌉
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What would ϕ be?
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The Proof System

Γ |=
{
ϕ
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S
{
ψ
}

def
=

Γ,T |= ϕ and T ⊥ S

implies T ‖S −→∗ R and Γ,R |= ψ



Proof Rules

O
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ ` {emp} dc!e1eρ {c〈e2〉}

OA
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ `
{
c〈e2〉 ∗� ϕ

}
dc!e1eρ

{
ϕ
}

I
Γ `

{
ϕ
}
dP{|e/x |}eρ {ψ}

Γ `
{
ϕ ∗ c〈e〉

}
dc?x.Peρ\Γ(c) {ψ}



Proof Rules

O
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ ` {emp} dc!e1eρ {c〈e2〉}

OA
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ `
{
c〈e2〉 ∗� ϕ

}
dc!e1eρ

{
ϕ
}

I
Γ `

{
ϕ
}
dP{|e/x |}eρ {ψ}

Γ `
{
ϕ ∗ c〈e〉

}
dc?x.Peρ\Γ(c) {ψ}



Proof Rules

O
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ ` {emp} dc!e1eρ {c〈e2〉}

OA
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ `
{
c〈e2〉 ∗� ϕ

}
dc!e1eρ

{
ϕ
}

I
Γ `

{
ϕ
}
dP{|e/x |}eρ {ψ}

Γ `
{
ϕ ∗ c〈e〉

}
dc?x.Peρ\Γ(c) {ψ}



Proof Rules

O
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ ` {emp} dc!e1eρ {c〈e2〉}

OA
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ `
{
c〈e2〉 ∗� ϕ

}
dc!e1eρ

{
ϕ
}

I
Γ `

{
ϕ
}
dP{|e/x |}eρ {ψ}

Γ `
{
ϕ ∗ c〈e〉

}
dc?x.Peρ\Γ(c) {ψ}



Proof Rules

O
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ ` {emp} dc!e1eρ {c〈e2〉}

OA
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ `
{
c〈e2〉 ∗� ϕ

}
dc!e1eρ

{
ϕ
}

I
Γ `

{
ϕ
}
dP{|e/x |}eρ {ψ}

Γ `
{
ϕ ∗ c〈e〉

}
dc?x.Peρ\Γ(c) {ψ}



Proof Rules

O
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ ` {emp} dc!e1eρ {c〈e2〉}

OA
e1 ⇓ v e2 ⇓ v Γ(c) ∈ ρ

Γ `
{
c〈e2〉 ∗� ϕ

}
dc!e1eρ

{
ϕ
}

I
Γ `

{
ϕ
}
dP{|e/x |}eρ {ψ}

Γ `
{
ϕ ∗ c〈e〉

}
dc?x.Peρ\Γ(c) {ψ}



Proof Rules

P

Γ `
{
ϕ1

}
S

{
ψ1 ∗ ϕ3

}
Γ `

{
ϕ2 ∗ ϕ3

}
T {ψ2} Γ ` ψ1⊥ψ2

Γ `
{
ϕ1 ∗ ϕ2

}
S ‖ T {ψ1 ∗ ψ2}

A
Γ `

{
ϕ ∗ χ

}
S {ψ} Γ ` S⊥χ

Γ `
{
ϕ
}

S {χ ∗� ψ}

AH
Γ `

{
ϕ
}

S {χ ∗� ψ}

Γ `
{
ϕ ∗ χ

}
S {ψ}



Proof Rules

P

Γ `
{
ϕ1

}
S

{
ψ1 ∗ ϕ3

}
Γ `

{
ϕ2 ∗ ϕ3

}
T {ψ2} Γ ` ψ1⊥ψ2

Γ `
{
ϕ1 ∗ ϕ2

}
S ‖ T {ψ1 ∗ ψ2}

A
Γ `

{
ϕ ∗ χ

}
S {ψ} Γ ` S⊥χ

Γ `
{
ϕ
}

S {χ ∗� ψ}

AH
Γ `

{
ϕ
}

S {χ ∗� ψ}

Γ `
{
ϕ ∗ χ

}
S {ψ}



Proof Rules

P

Γ `
{
ϕ1

}
S

{
ψ1 ∗ ϕ3

}
Γ `

{
ϕ2 ∗ ϕ3

}
T {ψ2} Γ ` ψ1⊥ψ2

Γ `
{
ϕ1 ∗ ϕ2

}
S ‖ T {ψ1 ∗ ψ2}

A
Γ `

{
ϕ ∗ χ

}
S {ψ} Γ ` S⊥χ

Γ `
{
ϕ
}

S {χ ∗� ψ}

AH
Γ `

{
ϕ
}

S {χ ∗� ψ}

Γ `
{
ϕ ∗ χ

}
S {ψ}



Frame Rules

F
Γ `

{
ϕ1

}
S

{
ϕ2

}
Γ ` ϕ2⊥ψ

Γ `
{
ϕ1 ∗ ψ

}
S

{
ϕ2 ∗ ψ

}

FA
Γ `

{
ϕ
}

S {ψ} Γ ` S⊥χ

Γ `
{
χ ∗� ϕ

}
S {χ ∗� ψ}



Frame Rules

F
Γ `

{
ϕ1

}
S

{
ϕ2

}
Γ ` ϕ2⊥ψ

Γ `
{
ϕ1 ∗ ψ

}
S

{
ϕ2 ∗ ψ

}

FA
Γ `

{
ϕ
}

S {ψ} Γ ` S⊥χ

Γ `
{
χ ∗� ϕ

}
S {χ ∗� ψ}



Main Result

Soundness

Γ `
{
ϕ
}

S {ψ} implies Γ |=
{
ϕ
}

S
{
ψ
}

Application
Proved the correctness of an in-place Quicksort algorithm
expressed in Value Passing CCS.



Summary

Model: Confined processes
I Give us explicit ownership, ownership transfer

and units of separation
I Correspondence with process semantics
I Narrative as to why process is determinstic.

Logic: Asynchronous messages have a dual role:
I interpreted as the state of a process.
I main mechanism for mutual exclusion.

Proof System: Acts on soups of asynchronous messages
I constructs safe confined processes i.e.,

deterministic.
I Use (restricted) spatial adjunct to handle

bidirectionality of messages.
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