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ABSTRACT

This note shows how a functional form of a relation between the do-
mains of two functions can be utilized to yield a proof that the
relation is preserved by the two functions. An example is given
based on Lucas's block theorem.
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y METHOD

The method proposed below replaces the problem of showing that
two functions preserve a relation between their respective domains
with that of showing that two functions are equivalent. Thus, the
necessity to combine the two original functions as in the "twin ma-
chine" method of /1/ is avoided yet many of the advantages of this

method are preserved.

Suppose we have two functions f:D == D and £V B = D
and we wish to show that they preserve the relation
A:D x D =2 {T,F}. If we can find a particular function
m:D === D' such that: '

1) a' = m(d) = Aca,a')
2) moef =z flom

Then the required relation is preserved by f and f' (N.B. m

need not be one toc cne).
Justification:

first note mef:D == D!

and flem:D === D!
\

i

Suppose d €D and d' e D' such that

3)  A(d,a")

L) d' = m(d) %,
5) mef(d) = flem(d)

6) me £(d) = £'(d") I,
7) R, £'(d")) 6,

Thus f and f' preserve the relation ﬂ?.
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The functions in which we are interested (e.g. those in section
2) will be recursive. We can utilize the following result, which
depends on their structure, to simplify our proofs.
Suppose:
L E Py el eifofoblf
p. — e fofob f
n n T

_ 1 1o F'e 1
EY m @ ey F oF b, F

p! — = e flof'ob f!
n o n

then mef = f'lom
1f:
- -
Pi = Py m
meb.f = b.f'em
i i
mee.f = e.f'em
3 1.

Justification follows by recursion induction.
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2 DEFINITIONS

The two techniques of maintaining environments shown below were
discussed in /1/. The definitions have been written as pure functions
since this facilitates the subsequent proof. Procedure denotations,
which cannot be changed by assignment but are used in the proof, are
separated from the value part, whose members are changeable by as-

signment and are not discussed in the proof. The function un creates

unique names for an identifier and a state.

Any state of the machine satisfies the predicate is-u-state.

Ul is-u-state = (<s-bl:is-u-bl>,
<s-val-pt:{<n:is-value> || is-un(n)}>)
U2 is~u~bl = (<s=tx:is-8t-15,

<s-e!is-e>,
<s-p-dn: {<n:is-u-proc-den> ||is-un(n)}s,

<g=d:is-u~bl v is~§2>)

U3 is-u-proc-den = (<s-body:is-st>,
<s~parm-pt:is~id-list>,

<g-e:is-e>)
Ul is-e = {<id:is-n> || is-id(id)}
An interpretation of some text t will be caused by:
Uo int—st—u(ﬁb(<s—ths-bl:[t]>))

We use the abbreviations:
UBL S-bl(g)

UTXxX s~txeUBL

UE = s-e°UBL

UPDN = s-pdnoUBL

UD = s-deURL

I
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2.3 " State of the Search Machine

Any state of the machine satisfies the predicate is-s-state.

Sl is-s-state = (<s~-bl:is-s-bl>,
<s-val-pt:{<n:is-value> || is-un(n)}>)
82 ig~s=-bl = (<s-tx:is-st-1>,

<s—e-0:ig~-e>,

<s-ban:is-un>,

<g-epa:is-un>,

<g-p-dn:{<n:is-s-proc-den> || is-un(n)}>,
<g-d:is-s=bl v ié~§2>)

53 igs-s-proc-den = (<s-body:is-st>,
<g-parm-ptiis-id-list>;
<g~ban: Ls~uns)
is-e: see Ul
An interpretation of some text t will be caused by

S0 int—8t~s(ﬂo(<s-txos—bl:[t]>))

The following abbreviations are used:

SBL = s-bl(E)

STX = s-tx°SBL
SEO = s=-e-0°SBL
SBAN = s-ban°SBL
SEPA = s-epac°SBL
SPDN = s-p-dne°SBL

SD = s=-doSBL
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