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COMPUTING NEAR·OPTIMAL SCHEDULES 
JOB SHOP SCHEDULING BY LOCAL SEARCH 
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Computing near-optimal schedules 

Jan Karel Lenstra 
Dept of Mathematics and Computing Science 

Eindhoven University of Technology 
P.O. Box 513 

5600 MB Eindhoven 
The Netherlands 

For many NP-hard optimization problems there are polynomial-time algorithms for finding 
solutions that are provably quite close to the optimum. For others certain perfonnance 
guarantees are unlikely to be attained, in the sense that if there is such a good algorithm, then 
P = NP. We survey a number of positive and negative results on computing near-optimal 
solutions for machine scheduling problems, with an emphasis on multiprocessor scheduling 
and shop scheduling. 

Job shop scheduling by local search 

Jan Karel Lenstra 
Dept of Mathematics and Computing Science 

Eindhoven University of Technology 
P.O. Box 513 

5600 MB Eindhoven 
The Netherlands 

The job shop scheduling problem is one of the most difficult problem types in combinatorial 
optimization. Even relatively small instances of the problem are hard to solve to optimality. 
Recently some progress has been made in finding good approximations of the optimum by a 
variety of local search techniques, such as iterative improvement, simulated annealing, tabu 
search, variable-depth search, and genetic algorithms. We survey this work. 
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SHORT SCHEDULES 
J.A.~l KAREL LENSTRA 

E'I NDHOVEN UN l YE'RSITY OF TECH NOLO/iY 
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BIN PACKING-

n lTEMS OF SIZE 0.1 , Q.2."'" Cl", "> 0 

BINS OF CAPAC.ITY .Ir > 0 

PACK ALL ITEMS IN MINIMUM -#= BINS 

:3 PACKlNG: IN Z BINS? 

IS cKcJ>-COMPLETE" [I<ARP I qn] 

i1 POLYNOMIAL ALGORITHM A 

WITH 'v" INSTA<~CE L' ACI) <.1.-

UNLESS (P = uV.JJ 

SUPPOSE 3 A 

• OPT(I) ~ 2 ~ 

• OPT (I) ~ 3 =9> 

• OPT (I) 2-

ACt) < ~ OPT(r) ~ 3 9 A (X) ~ 2 ~ 

A(t) ~ 3 ) 

~ A AIJSWGRS 2-SIN QtAf:STIOI-J IN POLYNOMIAL TIME 

9 g;=~ 



FfD (1) 

II.6 

~ 11 OPT(1) + 4 
'f 

[JOI·H/SO!J I q 76 J 

+ 3 [BAKER I QSS] 

+ 1 [YI.AE Iqqo] 
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COMBINATORIAL OPTIM IZATION P~OBLEM 

• CLASS OF INSTANC.ES 

• POl.Y NOMIAL ALGOl{ ITHM: 

INSTANCE I 18 OBJEc.T F 

~ IS F A FEASIBLE: SOLUTION FoR I ? 

• POLYNOMIAL ALCrOR.ITHM: 

IrvSTANCE I t; FEASIBLE SOLUTION F 

-? NONNe~ATIVC fr. INTEG.~AL VALUE' OF F 

• I NS'TANC.!: I 
'7 
~ FE'AS1BlE SOLUTION Of MINIMUM VALUE OPT (I) 

• 

• 

• 

• 
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ALCA-QRITHM A: 

INSTANCE I --:;;. FEASIBLE SOltAtlON OF VALUE A(l) 

Pt;fZFORMANC£ fZATJO OF A; 

A I S POL 'fNOM IA L 'Y'-APf f!.o 'X IMATIO N A LG-O P, / H-tl'-'t IF 

• RCA) ~ r 
• A R,.UNS' 1/1.1 TIMe pOLY/I.10M.IAL IN III 

{ArS IS PDLYNCM1AL APPp..C«.IMATION sC.'i.a .. l~ JF V'r>1 

• RCAr ) ~ ,. 

• Ar P.u/IIS IN TIME' POLYNOM I AL IN I II 

{A,..} )$ HIllY fCLYNCMIAL AFP/<'OX/MAT/CM SC'-tEI"tE IF- 'v'r>1 

• RCA,.) ~ -r 
1 

• Ar F-U.NS IN TIME POL -rtJOMIAL I N II I 8c .,.-1 
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IMPOSSIBILITY THEOREM 

IF 3 c € IN 

3 FE'ASI BLE' SOLU-rIO'" OF VALUE ~ c ~ 

IS c){c?-COMFLETE' 

THEN 

$ POLYNOMIAL ALGORITHM A WITH 

UNL.fS5 rJ' =. cN"c9 

SUPPOSE 3 A 

R(A)<: c+1 
c 

• OPT U) ~ c ~ A(I) <. £t1 OPT (r) ~ c+-1 :::::;:> ACL) ~ c 
c. 

• orHI) ~ C.+1 ~ A(t) ~ Col 

~ A AtJSWcRS ~ c-QUE'STION IN POL YNDMIAL T1M~ 

==*' ~:.cK5> 
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!~C =;> -{:.C+1 
c 

BIN PACKlNG 

SYMMETRIC TSP 

GRAPH G = (V) E), cA: E ~ INV[O} 

FIN'!) HAMllTOI'J C.YCLE OF MINIMUM TOl'AL WE'1GHT 

! ~ 0 [KARP 1 '112] ~ *' r FOR. A~'( r > 1 
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MULT1PROCESSOR SCHEDULING 

m tDENTI CAL MACH lIVES M 1 , ••• , M"", 

n IN'D~PE"N'PENT JOSS J." . . • ,J", 

PROcr;Ssl NG:- J~ REQtAlRES TIM~ I'j E IN 

SCHEDULE :: ASSI~NMENT OF EACH JOB TO A MACHINE 

LE"NG-TH Of SCHEPULf -: mQ.Xi EJ,j~Mi pj 

FIN'J) SCHE''l){AlE' OF MINIMUM LENG..TH 

R(LS) [GRAHAM H66] 

R(LPT) [G-R.A KAM 1"lO'lJ 

PAS 

NO FPAS UNLESS cf=cMP [G-A\2..EY & JOHI-J..S'CN 1q7~J 

• DEPENDENT JOBS 

Pr<.E'CEVf}JCE R£LAT10/oJ ON JOB SET 

• NONIDENTICAL MAC.HINES 

PROCESSING: Jj ON ~ RE~U!RES TIME Pij 
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PRECEDENCE - CONSTRAI NED SC.HEDUlI NCr 

R(LS) - 2 - ..i 
- "" 
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eLI QUE 

~RAPH G-: (v, E), k e IN 

DOES G HAVE A CLlMl'LI:TE SUB~APH 0/\/ " VE~TICE"S? 

CLIQUE" ex: ~3 

G: 

l == (~) 

Ic.' = \VI-k 
1...' :. IEI-t 

=I CLl~UE 

OF SIZE k 

WI LARG-E ENOUGd-/ 

3m WJIT-TIME'" JOBS 

1--~ 

2~~13 

3 14-

4- 3'r 

5" 4-5 
t i 
1"1 Ie:J 
m-" ~-k.'-t m-t' 
~ ~ ~ 
•• ~.~. 
/~ . ~ • 

2 23 12. 

3 lif 4S 

Jf- 3't • • 
• • 1 • • • S • 

• • • . 
o 1 2- 3 

:3 SCHEDlAlE 

OF LENGTH ~ 3 
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P R E"C.E'DE'NC~ - CONSTRAI NEJ) SCH EDULlN~ 

WITH COMMlANICATION 'DELAYS 

m IDENTICAL MACHIN~S 

n UNIT-TIME JOBS 

I f Jr~ JIt. AND JJ' e.. Jk ON J/IFFERE='NT MACHIt-JES 

THEN UI'JI-r-TIME 1)E'LAY BETWEEN Jj 86 JIc, 

m RfSTRICTE.P 

R(GRf{;VY) ::: 3 

[!<.A YWARt>-SM ITHJ 

FOOTNOTE. 

m RESTRIC.TED 

lIELAY5 0 

1)fLA'f S 1 

~ENEI<.AL 

! ~ 3 

WI W.JRESTRICTEV 

R(LP) = t 
[MUNIER, KONIG] 

R J08'1HAPUCATION (LS) = Z 
[rAPADIMITRIOU, I(A JoJNAKA KJ5] 

TR.EE 

'7 • 



ILlS 

SCHEDULING UNRELATED MACHINES 

R(LP+M) = 2 [L, SHMO'(S, fc, TAF-DOS I qqO] 

? ~ 1 ••• IS TRIVIAL.. 

• 

• 

• 

• 
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UNR£LATE"D MACHINES 

POTTS' LP-BASE"P AL/iORITHM 

(1) SOLVE LP 

INPlAT : P~j = PROCESSING TIMe OF JOB j ON MII.CHINc 1. 

Ol.ATPIAT: 'X.o(j = F~ACT10N OF JOe j ASSIGNE'J) TO MAC.KtNf" i 

z :S OPT (= MINIMU.M SC.Hc.PIALE LfNGTH) 

MIIv'IMIZE" Z 

SUgJEC.T TO L~ lit..:; = 1, 

I;; P'l 7t;j ~ 2., 

lit,,; ~ 0, 

, 
~ AT MOST m-1 SPLIT JOBS 

j=1, ... ,1'1 

(2) ASSIGN UNSP'-IT JOBS BY ROUNDING- 'DOWN LP-OUTPIAT: 

PUT ~AC.TION L~ijJ OF JoB j ON MACHINE" i 

~ SCHE"t>(;ILi: OF LfNGrlH ~ Z ~ OPT 

(3) A$$liXN SPLIT JOSS OPTlMALlY gy COMPLCTE ENUMERATION: 

CHECK O(m",-1) POSSlgILITIE'S 

~ SCHl:llULe OF LENGTH ~ OPT 

R(LP)=.2 

RUNNING- TIME POVr'NCMIAL FCf{ FIXEJ) m 
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3DM ex: ~3 

3n ELfMENTS 

I 

2. 2. 2 

3 3 '3 

,. 4- q. 

m TRIPLES 

~ICD CD 6j 
I I 2 3 

I I t I 

12. 3 

12. 2. 1 

I 2. 3 t 

.. I@ ® <DI 
~ 1<15 CD CDI 

13 3 +1 
14- I 11 

~ I(!) ® $1 
I 4 If- I 1 

:I n TRlPLE"S 

CONTAINING-

3n ELEMENTS 

~ 3n J08S 

CDCD0 p··-f IF j € TF-IPLE" 1. 

®<3>® 
t.:l-

OTHeRwl~c 3 

@®® 
@®® 

..... m MACHINE'S & trI-n tl(.AMM'1' JoBS 

I<D CD @ f/1///////4 

~ 3 SCHI:PULE 

OF LENCrTH ~ 3 

V/IJ//7//~ 

WUtU////(J 

wl/uvU/4 

WHH/#/4> 
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3DM DC ~Z 

3n ELEMENTS ~ 2,n JOBS 

(J)(]) IF 3 € TR.IPt.E i • 
A"-f 2. 2 2 ®@ 'r OTHEF,W\sE' 3 

3 3 3 <Da> 
4- 4 'f @@ 

m TRiPlE'S ~ m MACHIt-JE'S &. m-n 'PIAMM'1' JOSS 

~ ICD CD ®I 
11'2. 3/ 

i q. I I 
2. I 31 
2. 2. 2.1 
'2. 3 41 

.ltP @ 021 

.I<!> q> <pI 
13 3 41 
14 I 2.1 

~ I@ (t) <&21 

14,#- II 

I 1<0 (ij 1-

3 n TRIPLE'S ~ 3 S~El>UlE' 

CONTAINING OF LE'N'~ ~ Z 

3n aE'MENTS 

fY#///A Sl FO~ i OF 'Ni'E I 

WI;$) 1'\.3= h OTHEl!.WISE 

WHH/J {t 
P "­t///$i) ~- 3 

(/#/#i) 

FOR i Of lYrE' 2-

~THGP.WISE 

V//Q//4J .'_ {t FOR i OF TYPE 3 I 

P1.J - 3 CTH~WISE 

(fUlDA f2. FOP. i OF 1YPE q. 
p .. -

~Ift'lVM~W-~ '1- 3 OTHERWISE' 
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SHOP SCHEDU LING 

.- pc t\ . .:: U ,\ P 
• • j , , --, .-. - . . - . 

1~/;/; 1/// ///1; 
, , . : VI//II II/II 1/ II////; Ifj//I/I/I//I 

.............. 

• ~ Ii/I/III/a 'i///I/ I/,I !;, 1Jill!. I I • • , • , -1// lill/Ii 
• 

• lr-..iTEG-RAL PROCESSING- TIMES 

• 1VI\N ! M1Z~- SCHEDULE' LENGTH 
• 
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Oe OPEN SHO!' 
, 

Fe GivEN AN FLCWSHOP ItvSTpJJcc ~A c € rN.J 

Jc JOB SHOP 

,PoES THERE EXIST A SCHEPUlc OF Lf:NGTI-< ~ C ? 

* 0'2. 

* 0:; 

! 04 

*' F2 

* F3 

! ftt 

* J2. [FOLK LO,l1..£] 

[WlLL1AM.SON· H· H· H·l·S] 

IMl'OSSlBIUT1E5 (UNLESS r:J'=cJf8): 

• PDLYNOMIAL AL£:oRITHM A WITH RCA) < ~ 
• POL.YNOM(Al APPRoXIMATION SC.HEME 

POSSI131LIT1ES 

0: R(tKfl.E.E1>Y) = 2 

J: R( ••• ) = O(J..o~/·{'M.m ..... )) 

F, W(:FIXEi>: PAS 

O. m '.:FIXE''P: , AS 

~ 

[~ACSMAI\JY ] 

[SrtMO'(~·STEIN· WEIN l'lql] 

[HAL.L 1'I,}5J 

[SEV.,ST'JANOV. Wot:arING:SR. ''1'16] 
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JOB SHOP SCHEDULING 

JAN kAR!="L LFNSTRA 

EINDHOVEN UNIVERSITY OF TECHNOLOGY 

CWI, AMSTI=RDAM 

- LlI"-/lIT TO APFROXlMABILITY 
Wil !j~mson· Ha.ll. Hoogeveen .Hul"'l<ens · L· SeYQstjanov, ShY\'lo~s 

+ APPROXIMATION BY LOCAL SEARCH 
Vaessens • Aal"t:s ' L 



SET OF MACHINES 

S E"T OF JOBS 
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EACH MACH INE. IS AVA ILABLE AT TJME" 0 

• CAN HANDLE ~ 1 JOB AI A T IME 

EACH JOB • IS A CHAIN OF OrERATloNS 

EACH OPERATION RfQUlRES UNINT£RRUPTc"P PRoefSS' I NG 
, 

ON G I\fEN MACHI N£ 

FOf<.. G.: IV€'" AMOUNT OF TIME 

EXAMPLE: JOB A: 8 -7> 3 ~ 4-

J 06 B: 1 ~ 6 ~ 2 ~ 10 

JOBe: 7-':-9 

, 
SCHEV!ALE = ALLOC.AT ION OF OPc~ATrON.s 

To T I ME" INTE~VALS ON MACH INES 

EXAMPLE: MI A , ! C 

I'll Ii1 CAl c I 

M I la l A 

1'11 1 c 

0 

B 

• 
45 

OPTIMAL SCrtEVULE _ SCHEDULE OF MLNIMUM LENG.:TH 



II.23 
D/SJUWCTIVE" PROGRAM 

SET eM.. OF MACHINES 

SET J OF JOSS 

5 ET 0 OF OPEr<.ATIONS 

OPERATION i ~" • ~ElONG-S TO JOB Ji G J 
• RE'QUl RES PROCESS INc.. ON MAC-H,.INe Mol € eM" 

, • VU~INc.. TIME PiE IN 

BINARY RELATION ~ ON " 

• 'DE"COMPOS'ING- " INTO CHAINS (= JOBS) 

FIN]) STAf2..T!N~ TIM.F.5 S-i (iEC') 

o • M11'I1MIZ1NG-

.. LEN~TH: 

.. SU.B .)EC.T TC 

o • AVAllASllITY: $ . 
1. ~O (teo) 

• P~E"CE'DENc..e: 5;-5i ~ Pi (i,jeO, i~j) 

• CAPACITY: 

• 
Sj-Si ~ Pi V SC 5j ~ Pj' (i,jeO, Mi-=Mj) 

• 

• 

• 
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DISJUNCTIVE GRAPH Gr = (0, A, E) 

• VERTEX SET 0 

• ARC SET A = {(i,j)/i~j} • • • 1>IRECTE't>! 

• EDCrE"SET E = [{i,j}/Mi=M.;} ••. UN"DIREC.TE!>! 

• WeiGHT Pi FoR E"ACH i € CJ 

E)(AMPLE: 

CAPACITY CONFLICT: EDG-E {i,He E 

SCHEDULING- "D!:CISION: REPLAC.E" fi,j} BY (i,j) OR (j,i) 
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DISJUNCTIVE GRAPH G = (0, A, E) 

• VERTEX SET 0 

• ARC SET A = {(i)j)/t~j} •.. DIRE"CT~'D! 

• EDG-E"SET E = [{i,j}/Mi=M.;} ... UN1)IRECTE'D! 

• WeiGHT Pi FoR I:ACH 1. E 0 
.. _ , _ _ _ _ , .... '..--' . ,,~, . ' _ _ ,, _ __ ________ •• . _ _ __ _ .. .•• r' .• __ _ : _ . • . _ .• :--_...- .. -:""" .............. . . _~._ " •. , ,-" _ .~ . _ 

- ~~ ._.~ '" , . r , ... ... . . ~ .. " .. ".. . . 
_, J. . .. . . . ,- ,. : . .,: - ' , ;, ' - ' , 

." 
. - . ~ ., ' . 

";- :', . 
"" , ', " 

CAPACITY CONFLICT: EDGE' {i,HE E 

SCHEDUL.IN~ 1)~CISJON: REPL.ACE'{i,3}8Y (i,j) OR (j,i) 

FE"AS ISLE SC.HE1)t.U.c: OJt,IE-NTATION e OF E SUCU THAT 

PIGRAPH G=(O,AvE) IS AC.YCLIC 

PROBLEM: FINt> ORieNTATION E OF E' 

THf4.T MINIMI"Z.E"S LONGrE"ST PATH LE"NG:TH IN G 



OPTIMAL 

SOLUTIONS 

APPf<..OXIMATE 

SOL.UTIONS 
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POLYNOMIAL 

AL..C<-ORITHM5 

FAST 

o PTI!',1IZAT I ON 

FAST 

A? fR.cx I MA.TI 0 N 

E:XPC N E"N TIA L 

ALCcC f<-ITH MS 

EN!AMERATION: 

:PP, 8& B 

LOC.AL. 

SEARCH 
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COMPUTATIONAL COMPLEXITY 

POLYN O MIP-.L TIME 

2. MACHIN£S 

~ 2 OPE/l.ATICN5!JD6 

2.. MACHIj\)ES 

ALL Pi = 1 

2 JOBS 

L-ENCtTH ~ 3 

NP-HARD 

2. MAC.HIIJE'S 

~ 3 CrE'RATIDtJS!JM 

3 MACHII-JES 

~ 2 OPE'~TIOf-J5IJOB 

2. MACHiNE"S 

ALL Pi. e [1,2} 

3 MACHINE'S 

ALL. Pt. = 1 

3 JOBS 

LeNGTH ~ 4 



II . 28 

J4 FIND SCHEDULE OF LENGTH ~ 4 

J~ FIND SC.HEDULE OF LEI-J&TH < ~ x OPTIMUM 

SUPPOSE A 15 P'OLYNOMIA L ALG-ORITHM FOR Ja. .., 

TAKE AN't INSTAt-rC£ I 

• OP7(r) ~ 5' -9 

• OPTCr) ~ q. =9 A(I) < ~. OPT(r) ~ £" "9 

=5> A IS POLY1'lOMIAL ALGOR.1THM FOr<- J,,=" 

NP-HA~D 

NP-HARP 

A(I) ~ 5' l 
Am ~ tr ) 
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BRANCH Ie BOLAND 

NODE : SOME Ere E HAS ORIENTATION E' 

LOWER BOUNDS 

L80 • IGNORE' E'DCcES IN E-e 

• COMPLITE L.ON(CE'ST PATH LE'NGTIi IN (0, AuE') 

LB1 • CHOOSE M+ 

• I ~NO~E E'PG-E'S IN E - E' Nar ON M* 

• SOLVe 1-MACHINE' PRoBLEM WITH FOR EACH i ON M*: 

• HE'Al> rio -:: LONG-EST fATH LeN~TI1 lAP TO i 

• sevy Pi = PRoc..ESS·lIvG TIME 

• T~. ! L. Cit'. -:: LoNGEST PA'TH LENG.111 FJl.OM ~ 

• 
STJ<.ENG:TH~N LEH 

• PRE'C.Et>ENCE' CONSTRAltvTS: GJ---.~~ 

• 
13 """,. 

~.2J 

• At>.JUSTEY HEAJ)S 1& TAILS: rj= I'I1AX (8+7, 1+6+7) -I> 1j::8+6, 

• LBk, k> 1 

• 

• 
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LOWER BOUr-JP VALUES 

Fo~ 10X 10 INSTANCE 

OPT!MU.M 930 

LB1 808 [Mc:Mc.hOI\, FlorilU<, 1'\7S] 

LSi W\7H .o,'DJU.STE"D HEAPS gc TAJLS [<ArliQr, ri\'\Jo\'\, 1'\'14-] 

868 

LS6 907 

f'c,-rHEDF.AL !3CUt--JJ)S 

• ClATS 1 

• c:: !A. 'T S '2. 

• c.r..t TS 3 

823 

8'2.4-

827 

S" SEC 

5 MIN 

> '2. HR 
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BRAWCH1Nc;.. RLALE'$ 

(Q) CKENE:fl..ATE" "AC.TIVE" SCKE"PULE"S' 

(ob) ORIENT C~UC.I AL E1)~E 

(Co) APPLY C BLOCIe: APPfl..OACH' 

I MJ?lEMENTATIONS 

• UB; AI'J'ItOXCMATIOI'< AlCcoltt-rHM1 e.Cr, S'\1IFTlIV/i- 8OTTlENec.fC. 

• L!3: PReet"fPTIVE" LB1 

• BI:{ANCHl!VCr : (-<r) oR (c.) 

• eL!M I ~ATfC>~ CRITE~ I A: MAt-J'1'! 

~ESUL-rS FOp., 10X10 INSTANCe 

• 22021 N01)cS, 300 MIN (~(':~"I Pi~so~, \'\8'1) 

• 16056" NOPE'S, 6 M IN [A1'1"1Il.5o..C-e., Cook., 1'\'\ tJ 

• 42.42 N01'E"S', H MIN [ 8 ..-w:l<a.y I J W,olS c.k I fi~ vUS I' I "l. 'I t) 

• 37 NOt>E'S7 8 MIN [Co.rlie...-, r;r\JO~7 lct'l4tJ 

MAJoR ISSUE 

• FIN;:> BETTEf<. (lP-fJASEP?) LOWe" BDUN9S 
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APPROXIMATION ALGORITHMS: CONSTRUCTION 

PRIORIT't' RULE 

• S'HE'JLU.E OPEAA710tJf ACCO(lJIWG- 70 SOME ,flIOR-ITV FI.HICTIC 

AC.TIVE SCHE'1>Ul.ES 

~EFINITION : A SOiEPtAu: IS 'AC,TIVE'") , 

IF MOV'~ Cr 8A,1( OW~ OPElATIO#.l WIl.L ~el.A't A/tJOTHE'~ OIVE, 

THEOflEM: ~T lEA$T o/tJe OnlMAL lCJote1)ul.E IS ACTIVE', 

CO /IJ ST ~ t.l CT I () '" : 

• LE'T Si:: E'AALIEST ~SSlll£ STAJl.7INta TIi\AE OF i (i ~ 0) 

LET 0' = nT OF Ut-ISeHEl>U(.EJ) OPE/lA,'OW; 

• 'PETEItMIIIJE i £ 0' ~tAtH TKAT 

Sj'-rp.1' ::. Mili\i£O'{S~-rPi} 

• SElEC.T OPEAATION F~OM SET 

{ -i I i ee'> Mi :Mj) S.; < s~'+ p,d 
Ac.cOflPl~G TO SOME PflIO~IT'f FU/IICTION 
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LOCAL SEARCH 

F : SET OF FEASIBLE SOLLATIONS "-

C (x.) E IR C.OST 0 F x. 

N (x) c F NEIGHBORHOOD OF x. 

ITERATIVE IMPROVEMENT 

• G:E NEAATE '" E F 

• AS LONCe AS :r!1 EN (x.) WITH c(~)< C(x), "DO OX ~ Ij 

• x. IS LOCALLY OPTIMAL WlTrt ~eSPEC.T TO N 

NEW VARIAtJTS 

• 
• S I MlAL.ATcP ANNEALI(l./G-

• TH~€SHOLP ACCEPTANcE 

• TABU SEARCH 

• VARtA6l€"-1>E"PTH SEARCii 

• ~f:"'ETI C. AL60P-ITHMS 

• • ••• 

• H'1'SRtP VARIETIE"S 

LOC.AL SC'ARCH C.OM!3,,,H7"!i W!TH 

• CONSTRlACTj\lc RULE 

• • OT)1€~ LOCAL .sEAR~ MeTHOY 

• BACKT,q.AC)(INCc SCHEME 

• 



II . 34 

SMALL- CHMJGf: rv£I&HBORHOO'l>S 

S SWAP: REVEP.SE: MAC.HINE ARC ON LONc.eST PATH 

• SWAP E"L$ EWHE Jt.E: WILL IVO, Crt V€" IMP~ClleM.f:NT 

• SWAP ON LONG:€S' PATH. WI LL We,. Cf{EATe C'fCLE , 

• 'VSCXel'Ule 3 PATH "0 CPTIMAL SC.HEPULE" 

S ... SWAP C.~IiICAL ARC. 0 .&>'1-11) ARCS -t: & 1 

-0 .,. ... ·~~1 
. \-.." ...... ~~ 

BIG- - CHANGe- NE"IGHBCRHOO'J)S 
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SMALL- CHA~G E" IV£'ICiH80RH 001>$ 

S SWAP: REvERSE: MAC.K/NE ARC. ON LCNc.eST PATl-t 
" , , ' 0 

-,....~ ... ~--'~ •. --:-.. -:--.. ---.. --... .-' .. ' '.~- ~, . - . ,.--.. 

" , . . 

• -' __ ..... _ _ • _ _ . __ . . . .... _ . ____ •• ___________ . • . 0._ •• " ....•.•..••• . 

• SWAP E"I.S cW\-(E" J/.c WIL.l ~O, G.I V€ IMPROVEMeNT 

• SWAP ON Lbt-lG-ESI PATH WI LL 1010, Cfl..EATE C'fCL.E 

• 'v'scxnlH.e 3 PATH ,0 O"TIMAL. SC.Ht=PULc 

s+ SWAP C.~rT{CAL ARC. 0 AIV1) ARCS -t Zc 1 

-0- ~ •... • • ~~ ~l 
- \ , •... 

BIG- - CHANGe NE'IG:HBCRHOO'DS 

• 

• 

• 
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SHIFTING BOTTLENE'CK 

FOR k _ 1 TO m tlo: 

• CONSTRI..{CTION: 

S'CHE~UU: MAC.HIWI: MAXIMI'ZU/G- l.91 AMOWG- WlSCI(E1)\,AL.ep MACHINES 

• ITERATIV£ IMPROVEMENT USING< R1 : 

lEOPTlMI'2E' PAltnAt Sc.HcJ)UI..E 8Y ~E!'~t:pUlIN Cr 1 MACI'(/IIIC' AT A TIME' 

VAR.IATIONS 

• SB+'l>nAY5 

• SB .r G:Ut~C'l> LDC.AL Sc.o.!tC.H 

IlEOPTIMI'ZE BY VARIABtE-llEPTH SE.o.~C.K I..{SINCc JV.MPS 

HY~RIPS 

• PARi/AI.. ENUMEr~~.l'!ON 

• SHClFFl!:: 

• ITt:I'A'TIV~LY IMl'ROV£ Ii lASING- R-t 

RESULTS 



• 

• 
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II I TERAiIVE' I MI'ROVE'M E NT CAc.rl-J, vlAArl.ev.:l'\, L, lA.tdu·, (q'l't-] 

ACCEPT 'j IF C(e;,)- c(;lt) < 0 

T.e.. THRESHOL'P ACCEPTt NG 

SA SIMULATE'!> ANNeALING 

ACCEPT !i, IF c(~)- cC"-) < 0 or- WITH. P,2.0eABILliY '" 0 

SP-.!1 81-LEVEL VAR.IANT 

~ ACc.EPT ':f AS IN S.Il . 

• OTHE'RWISE, SlASJE'C.T ~ TO !l TO 08TAIN Z 

ACC.EPT:z AS ll'( !! 

REStALT$ 

$ TIME" EG(UlVALE'NT 

Us > IlS+ » TAS» {P~, 5.c·S ' s·~s+} > SHIAFF~ • .E" > S.e..! !S'+ 

• TIME OF NO c.ot-lC.E'~N 

CDNCLUSIONS 

• RANDOMIZATION liELf7S 

• EXPLOITlNCr P~OBLE"M STRUC.T~fZ,.c HeLPS 
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TABOO SEARCH 

• SELE"CT BEST NeiGHBOR 

(UNLESS IT IS FOR61I>tlEN (UNL£SS IT IS &-OOD ENOU~H») 

• MAINTAIN FORBIDDEN SET 

(OFTEN DEFIN~!l IN TER.MS Or FORBJDDEN MOVES) 

TSs SWAf CR.ITI CAL. ARC. 

TS p PERMUTE MORf CRITICAL OPERATIONS [1'cIl'A'Mic:.o, IrW>illl\, 1'l'i3J 

TSsBT BAC.l<~Cj(lN(A- TO RcJ~TFD MOVES [NoWi~l<i, Swuotb1id:;, IIiQSJ 

VARIABLE-DEPTH SE'"ARCH 

• x ~ CHAIN OF SOLUTIONS, M.AKING- SMALL <%R~DY MCWE"S 

o 'j ~ 6£.5T SeL.UTION IN CHAI N 

r " I -- , ~ ..... --J ('" r ,,""'CT"> I OC.A I -;= "RC.'-' 
yf '-'\ • .;.'-,;.; - .- ;,_ ..... " 

• MOVES ARE JUMPS 

SB,GLS - [GeLS ON m-1 MAc..YIIVES ~ 

GrLS ON 1'\1\ MAC.HINE.5 JOO 

Qr:1 ~-" Q:= \'cr. ".,1='0 G:L= · ~ ' .... -- .. . . - .. - , ... . -. . - -

GL;': > 

I ~LS ~ [GelS ON M-y'V;; MAC.l-IlN'ES -;> 

S B TO Al?l> .y;;; MACH.1I>JS ~ 

tGLS ON m MAC.MI>-JE.5 Jk 

, r- ' ~ . -.-- -. T ,: c, > cor ! ~_r. '" '-5 ~ . .". cK -- ;;>, IS FASTER 
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G-ENETIC ALGORITHMS 

• CHOOSE POPLlLATION OF SOLUTIONS, SPLIT IN PAIRS 

• FOR. E'ACH ' fAIR, GENE'RATE TWO HYrE~NeIGH60RS 

• REOUCE" PCPLlLATICN TC ORI~INAL SIZE 

VA.!<\ETY OF l-l't'PE'RNE'lGHBORHOOl'S 

AL.LCWING USE' OF 

• STRI NG- RePRESENTATIONS 

MUTAT1D~S 

• C1..0SS0VERS 

6 1 L~VEL VA!<. IANTS 

SUBJEC.T/NG HYPE'/2.NEte.HSCR.S TO, E.G., II 

RESULTS 

• OFTe:N POOR 

AT 6fS-r IN RANGE [58, SHUFFL=] 
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CONSTR.AINT SATISFACTION 

SO!..VE FE"A$IBILI1Y PRoBLE"M B't' TREe: SEARC.t'1 U.SING 

• [BRANCH] VARIA8LE AN" VAL~t: SELEc.TICN 

~ t SCUN"P] CONS ISTE"NCY ENrORC.lNG-

~ CGMrLEn; E"NUMI:RATIO'" T~A1>17\ON OF LOC<IC PROG~AMM I IlfG­

~ CC>I'o\!J//I/&l.T10!J WITH TECHN(~UeS F=ROM MATH . PF-O~RAMMINa-

RESUL T.5 

RAN1'OMl"Z E't> Res IS' OK 8(.('( SLOW 

NEU RAL NETWORKS 

¢ 
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10% • • • • " 

q,. • • • • 

58 
n • • • • 

T.A·s 

• • • 

6"1. • • • 

• • • 

If't. • • t)5t~':'5 

PE 

J'7. • • • 

SAIIS+ 
t~ ~--------.--------.--------. • 

::-::1.. t:: ~ 
,'l • • ...... t _ 

• 
I 

• • 

• • 

• • 

• • 

SAs 

SHU;:;:LS • 

• • RC~ 

TSs • • SA!..,) TSp 

TSsSi GLS 
P.GLS-5 

0"1. 
to· {O' 10" 10l to 'f " /0 

* NORMAl.1ZEP 
(PIA SE'<.OiIJPS 
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DISCUSSION 

Rapporteur: Martin Beet 

Lecture One 

Referring to the TSP problem mentioned in the talk. dr Arne Andersson inquired about the 
alleged success of the neural network approach compared to the use of linear prograrruning 
or other techniques. Professor Lenstra was somewhat sceptical about this. and replied that in 
his opinion this kind of combinatorial problem did not lend itself to effective solution by 
neural nets. In his view many researchers were uncertain about the great power and wide­
ranging applicability of linear programming. 

Professor Nievergelt inquired about scheduling research concerning the problem of disturbed 
schedules. as might be encountered in transport management; for example how to handle a 
delayed train or airline flight while causing as little disturbance to the remaining schedule as 
possible. Professor Lenstra stated that this robustness of a schedule seemed to be highly 
dependent on the initial schedule. but that most researchers in scheduling had concentrated 
on static problems. Mr Ainsworth supported this view. Both agreed on the importance and 
the demand for techniques to solve these problems. 

Lecture Two 

In answering a query from the audience. Professor Lenstra stated that the comparison of the 
running time of different local-search algorithms relied solely on empirical findings. as a 
unifying theory was not available. 

Professor Mehlhorn was curious as to why the linear prograrruning approach was not also 
used for job shop scheduling (JSS). Professor Lenstra explained that in his experience the 
LP approach with relaxations did not provide satisfactory results. due to the difficulty of 
dealing with the disjunction in the formulation of the precedence constraints. He added that 
local-search algorithms were a valid approach. since there seemed to be little demand for 
algorithms to solve large-scale JSS problems. 




